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THE ADJOINT OF AN OPERATOR AND SELF-ADJOINTNESS

Let us consider the integral
Jo*Abdr = (¢, 4v) (1)

which involves two different functions ¢ and 1) and reduces to in the special
case when ¢ = . It can be shown that one can always find another operator, called
the adjoint of 4 and denoted by AT (read A dagger), such that

Jorap dv = J(aloyrbdr, or (0,40) = (4", V) b))

In other words, as far as the value of the integral is concerned, it makes no differ-
ence whether 4 acts on 1 or its adjoint A" acts on the other wave function ¢. Equation
(:2) serves to define the adjoint of any operator. From this definition it is easy to show

A+ B)f=4"+B (3)

and that if ¢ is a complex number
(cA)T =c* 4t 4)

i.e. in taking the adjoint, any complex number goes over into its complex conjugate.
Further, since

Jorcatp) du = [faty*o dr]” =[fordo di] = fidoy*p de

we have
Aht=4 (5)

For the adjoint of the product of two operators 4 and B, by applying the definition
givenin Eq.(2) successively to 4 and B, one obtains

Jor*aBydt = [(4T0)* Bidr = [(BTA o)*dr,

(4B)! = BT4"
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An operator 4 is said to be self adjoint* if its adjoint is equal to itself:

At =4,

Jorap dv = f(Ady*d dr, ie., (6, AD) = (Ad, D) (7)

Note that the product of two self-adjoint operators is not necessarily self-adjoint.
For, if 4" = 4 and B" = B, then according to Eq. (4),

(4B)" = B4 (8)

Thus AB is self adjoint only if B4 = 4B, i.e., if 4 and B commute. However, the
two combinations

(4B + BA) and i(4B - BA) ©)
are both self-adjoint, as the reader may verify.

It is now a trivial matter to see that the expectation value of a self-adjoint operator
is real, for on setting &, = in Eq.(7) itreduces to (4) = (4)*. Thus self-adjoint
operators are suitable for representing observable dynamical variables, and we
proceed to study their most important properties. Incidentally, it may be observed
that 474 is always self-adjoint (even if 4 is not). Further, its expectation value is non-
negative in all states. (Any operator with this property is said to be positive.)

(A14) = J{* 44 ) du = f(d)* () dr =0 (10)

since the integrand, heing the absolute square of the function 44, is nonnegative.
Evidently if (414) is to vanish, the integrand must vanish identically. Thus,

(4'4) = 0 implies 4 = 0 (11)
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